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Properties of limits (P59)

limf(x)=L limg(x) =k
X—C X—C

Scalar multiple: lim[b £ ()] = bL
Sum/Difference: lim[f(x) + g(0)] =L £K
Product: lim[f(x) g(0)] =L K
Quotient: lim[f(0)/g()] = L/K (K #0)
Power: lim[f(0)]" = L" (nez)
Radical: limY/f(x) = VL (nez)

X—C

Composite Function: limg(x) =L,and lirrLl f(x)=f()
X—C X

lim £(g(x)) = f(lim g(x)) = (L)

Example 1: Prove }Ci_r)ré[f(x) +gx)]=L+K
Proof: For each € > 0, to prove |[f(x) + g(x)] - (L +K)| < ¢

SIfe) =L +[g() —K]| <e

lf() LI+ 1g(x) - Kl <e

Slf(@) =Ll < and |g(x) — K| <~
There exist §, > 0 and §, > 0,sothat |[f(x) —L)| < & =§ and |g(x) — k)| <
£, =~ Let 8 = {61, 62}min>0, we have |f(x) = L)| +1g(x) —K| <-+-=¢
Example 2: Prove }Ci_r)ré[f(x) gx)] =LK
Proof: h(x) = f(x) g(x), Limit=L-K

364,50 that |f(x)-L|<e
3621'50 that |g(x)_K|<£12} = |U(x) - L] [g(x) - K]l < <‘:1‘,{52

[f(x) —L]-[g(x) — K]

=f(x)g(x) —Lg(x) — Kf(x) + LK

=[f(x)g(x) — LK] + [LK — Lg(x)] + [LK — Kf (x)]
“f)g(x) — LK = [f(x) — L] - [g(x) — K] — LIK — g(x)] = K[L — f (x)]
Foreachto € > 0,toprove [f(x) -g(x)—LK]<e¢

=|fG) =Ll [gtx) = K] = LIK = g()] = K[L - f(0)]l < ¢

(= |€1€2 _LSZ _K‘Ell <ég
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E—e<g&e—Ley—Kep <e¢ (Let & =& =x)
c—e<x?-(L+K)x<ce¢
ex?—(L+Kx—e<0

c%[(L+K)—,/(L+K)2+4s] <x<%[(L+K)+\/(L+K)2+4s]

There exist §; > 0 and 6, > 0,sothat & = ¢, =x

Example 3: The limit of a polynomial

lim(4x2 + 3) =lim 4x% + lim 3 = 4lim x? + lim 3 = 4(23) + 3 =19
xX—2 xX—2 xX—2 xX—2 xX—2

Example 4: The limit of a rational function

2x2 +1 lim(2x2)+1 841
lim = 222 - o=
-2 x—1 hrr;(x—l) 2—-1

X—

Dividing Out and Rationalizing (P63)

lirr(1) al xl_l is an indeterminate form % (% BRER)

b g
Solution: (Rationalize the Y
numerator 73> FHE1k) . W
li Vx+i-1 li Vx+1-1)(Wx+1+1) 14 W= X
xl—r}g) X - xlir(l) x(Vx+1+1) - \(
o (etD)-1 11 1 —
xl_r% x(\/x+1+1)_x1_r>r(l) Vxri+1l | 141 | |

1 1

. . 0 oo
Seven indeterminate forms: i 0 X 00,00 — 0,0°,1® and oo?

Example 1: Find the limit lim Verhro
Ax—0 Ax

Solution: (Rationalize the numerator 9> ¥ IE1k)
Vx + Ax —x . (Vx + Ax —Vx)(Vx + Ax + V/x)

im = li
Ax—0 Ax Ax—0 Ax(Vx + Ax + Vx)
i (x+Ax) —x ) Ax
= lim = lim
Ax>0 Ax(Vx + Ax +x)  Ax=0 Ax(\x + Ax + +/x)

. 1 1 1 W
= im = = = —
Ax=04/x + Ax +vx  Vx++x  2Vx  2x

. . 2+ax+b
Example 2: Given hrré % = 3, evaluate g and b.
xX—> -

x%2+ax+b

Solution: limx —2 =0 = lim

. . . 0
= 3 is anindeterminate form -.
x—2 x—2 X-2 0

Let x?+ax+b=(x—-2)(x+k)
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S lmE2ER g o x4 k=3 > k=1
x—2 x—2

> x-2)(x+1)=x>-x—-2=x*4+ax+b
>a=-1,b=-2

The Squeeze Theorem XiEFEIE (P65)

The Squeeze Theorem: If /(x) < f(x) <
g(x) forall xin an open interval containing c,

[

except possibly at c itself, and if 8 flies n here.
8
limh(x) = L = limg(x) f
x—c xX—C f
then limf(x) =L A
X—C

ak=======4

Two Special Trigonometric Limits:

. sinx
1. lim =1
x-0 X
. _1-cosx
2. lim———=0
x—0 X
tan 0

A A

1 1

The above figure shows a circular sector squeezed between two triangles. So we
can have:

tanfd 6 sinf )
>—> = tanf =0 =>sinf

2 2 2
sinx sinx sinx sin x sinx
< < — > — =cosx < <1
tan x X sinx sinx/ cosx X
. . sinx
limcosx=1 = lim =1

x—-0 x>0 X
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Exercise 1: Find the limit (if it exists)
. Jx+5—-/5
1.1 lim

x—0

1.2 lim [1/(3+92]—(1/3)

x-0

. (x+Ax)3—x3
1.3 lim ————
Ax—0 Ax

Exercise 2: For any € > 0, there exists 6 > 0, when|x — 0| < §, there is

|@ - 1| < ¢ find lim f(x).
X x—0

Exercise 3: Find the limit (if it exists)

3.1 lim 3n*

x—0 5x

sin? x

3.2 lim

x-0 X
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/

3.3

3.4

3.5

3.6 lim

3.7

3.8

3.9

3.10 lim
x—0

cosftan6

lim
6-0 0

lim (0 sec 9)
0-m

1-tanx
X1 /4 sinx—cosx

sin 2x

x—0 Sin 3x

li 1—cosx
x—0 X

. cosx—1
lim
x>0 2x2

. sin?x
lim
x-0 X

sinx

Vx
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/

3.11 lim 3%

x-m X

Exercise 4: indeterminate form

x%2+ax+b
x2-2x-3

4.1 Given lim
x—3

tan ax

4.2 1f lim—

x—0 Sin3x

= —2, find a.

-1
= evaluate a and b.
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Exercise 1: Find the limit (if it exists) - S 3
e ~ Jim JArs B Tats 4B 32 ’u”“;"‘“ J’"‘"“‘"o‘lzo N
11 lim B0 = Miem 2 3 _ Ve % S
x- «:
A Jnes Mg e A(Jx+s th)
L = ftan 6 CaO—?’&e‘ Cind
-JA’\ ——— - e = —~_L:-:_!£Z 3.3 llmﬂieﬂ_—_%m C&G . ‘&;‘M ! —l
%o° .\rm tis Jr +r 2js e 60 p>0 —p5—= 9> 0
x5 > »‘x—;v (3+¢7%) % i r ~
3.4 lim (6 sech) =~J>"M\g )‘ J{"m 9 ’ MG?G :1( 93‘1
fim =" i por  \gor
“r\(aa (51'1 )% B T
3.8 2 ¥ ¥ <
1.9 “n%(xm:;) = 4K % 1 3%8Y + A% AC k. ' _9)“'\9.‘_ | A=
i ’ A‘z 3.5 lin}451;xta:x h,x) = g M —_—
AT, osx z -
= fim (}';gl't' 3K 3N ‘(‘5"?5)? - 2!')57‘
ax-2o
b A sm2X L _SmsX _ SRz
W sl ol F i e P g 2749 - e
1.4 lir%_@i—_ﬁ"}w LB‘”‘ ;\h) (J?ﬂ(*‘d-z ) / t\ 19 Y ._'t TS rm—— ‘(‘G«’ZX Sy
x= ~57
\ 3.6 lim 322 ‘é‘t(}z%—f = CeX + b2X  <onmy
\D/. (24%) =7 .,Q\ ! 2 FHOSILO% Siha 2 L
i R oo v Y SR 4 & b ke
Yot '7‘ert7c*-h) ,D»h-_)g = .'RM(&%-F-—‘——ZX s b e B e
Exercise 2: Given lmffi?i = —71 evaluate a and b. %70 e 26=% = Vrewp o vny
kN i ) vss
'LM L’X 2 ~Y)= vQ’"V\ ('K'})('h‘l)" = D/'"\ ? Wty :':-;;' 7071;!2: EI)‘ il 20 IR -:ﬁ\ és‘hz)f) k4
93y k-3 x9 s e & S 40 “_” 9"‘.7;
5 an \M}\A*rm mz‘\‘{ 'jc"" /’ o ' :%- 2
Bt Aartim (W9R) = de1 o 1 VAT
t axth= (AR)BER) = 4= = e
_ - ™ J ) :
Exercise 3: Find the limit (if it exists) Z'il ;j bl MFiz/z -‘ x
woX, =%,
1 s K57 = L o S22 L Tk 258 % o Stk STU Bmgand i 222
xX—

~ x> % e %
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el
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Exercise 2: For any ¢ > 0, there exists § > 0, when|x — 0| < §, there s

fx) 1| < g find lim f(x).
x x—0
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tanax = —2, find a.
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