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Note Properties of limits (P59) 

lim
𝑥→𝑐

𝑓(𝑥) = 𝐿       lim
𝑥→𝑐

𝑔(𝑥) = 𝑘 

Scalar multiple:   lim
𝑥→𝑐

[𝑏 𝑓(𝑥)] = 𝑏𝐿 

Sum/Difference:   lim
𝑥→𝑐

[ 𝑓(𝑥) ± 𝑔(𝑥)] = 𝐿 ± 𝐾 

Product:     lim
𝑥→𝑐

[ 𝑓(𝑥) ∙ 𝑔(𝑥)] = 𝐿 ∙ 𝐾 

Quotient:     lim
𝑥→𝑐

[ 𝑓(𝑥)/𝑔(𝑥)] = 𝐿/𝐾     (K ≠ 0) 

Power:      lim
𝑥→𝑐

[𝑓(𝑥)]𝑛 = 𝐿𝑛                 (𝑛 ∈ 𝑍+) 

Radical:     lim
𝑥→𝑐

√𝑓(𝑥)
𝑛

= √𝐿
𝑛

                 (𝑛 ∈ 𝑍+) 

Composite Function:  lim
𝑥→𝑐

𝑔(𝑥) = 𝐿 , 𝑎𝑛𝑑 lim
𝑥→𝐿

𝑓(𝑥) = 𝑓(𝐿) 

lim
𝑥→𝑐

𝑓(𝑔(𝑥)) = 𝑓(lim
𝑥→𝑐

𝑔(𝑥)) = 𝑓(𝐿) 

 

Example 1: Prove  lim
𝑥→𝑐

[ 𝑓(𝑥) + 𝑔(𝑥)] = 𝐿 + 𝐾 

Proof: For each 𝜀 > 0, to prove |[𝑓(𝑥) + 𝑔(𝑥)] − (𝐿 + 𝐾)| < 𝜀 

⇐ |[𝑓(𝑥) − 𝐿] + [𝑔(𝑥) − 𝐾]| < 𝜀 

⇐ |𝑓(𝑥) − 𝐿| + |𝑔(𝑥) − 𝐾| < 𝜀 

⇐ |𝑓(𝑥) − 𝐿| <
𝜀

2
 and |𝑔(𝑥) − 𝐾| <

𝜀

2
 

There exist 𝛿1 > 0 and 𝛿2 > 0, so that |𝑓(𝑥) − 𝐿)| < 𝜀1 =
𝜀

2
 and |𝑔(𝑥) − 𝑘)| <

𝜀2 =
𝜀

2
. Let 𝛿 = {𝛿1, 𝛿2}𝑚𝑖𝑛>0, we have |𝑓(𝑥) − 𝐿)| + |𝑔(𝑥) − 𝐾| <

𝜀

2
+

𝜀

2
= 𝜀 

Example 2: Prove lim
𝑥→𝑐

[ 𝑓(𝑥) ∙ 𝑔(𝑥)] = 𝐿 ∙ 𝐾  

Proof:  ℎ(𝑥) = 𝑓(𝑥) ∙ 𝑔(𝑥), 𝐿𝑖𝑚𝑖𝑡 = 𝐿 ∙ 𝐾 

  ∃𝛿1,𝑠𝑜 𝑡ℎ𝑎𝑡 |𝑓(𝑥)−𝐿|<𝜀1

∃𝛿2,𝑠𝑜 𝑡ℎ𝑎𝑡 |𝑔(𝑥)−𝐾|<𝜀2
} ⇒ |[𝑓(𝑥) − 𝐿][𝑔(𝑥) − 𝐾]| < 𝜀1𝜀2 

   

[𝑓(𝑥) − 𝐿] ∙ [𝑔(𝑥) − 𝐾] 

= 𝑓(𝑥)𝑔(𝑥) − 𝐿𝑔(𝑥) − 𝐾𝑓(𝑥) + 𝐿𝐾 

= [𝑓(𝑥)𝑔(𝑥) − 𝐿𝐾] + [𝐿𝐾 − 𝐿𝑔(𝑥)] + [𝐿𝐾 − 𝐾𝑓(𝑥)] 

∴ 𝑓(𝑥)𝑔(𝑥) − 𝐿𝐾 = [𝑓(𝑥) − 𝐿] ∙ [𝑔(𝑥) − 𝐾] − 𝐿[𝐾 − 𝑔(𝑥)] − 𝐾[𝐿 − 𝑓(𝑥)] 

For each to 𝜀 > 0 , to prove [𝑓(𝑥) ∙ 𝑔(𝑥) − 𝐿𝐾] < 𝜀 

⇐ |[𝑓(𝑥) − 𝐿] ∙ [𝑔(𝑥) − 𝐾] − 𝐿[𝐾 − 𝑔(𝑥)] − 𝐾[𝐿 − 𝑓(𝑥)]| < 𝜀 

⇐ |𝜀1𝜀2 − 𝐿𝜀2 − 𝐾𝜀1| < 𝜀 
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Note ⇐ −𝜀 < 𝜀1𝜀2 − 𝐿𝜀2 − 𝐾𝜀1 < 𝜀    （Let 𝜀1 = 𝜀2 = 𝑥） 

⇐ −𝜀 < 𝑥2 − (𝐿 + 𝐾)𝑥 < 𝜀 

⇐ 𝑥2 − (𝐿 + 𝐾)𝑥 − 𝜀 < 0 

⇐
1

2
[(𝐿 + 𝐾) − √(𝐿 + 𝐾)2 + 4𝜀] < 𝑥 <

1

2
[(𝐿 + 𝐾) + √(𝐿 + 𝐾)2 + 4𝜀] 

There exist 𝛿1 > 0 and 𝛿2 > 0, so that 𝜀1 = 𝜀2 = 𝑥 

 

Example 3: The limit of a polynomial 

lim
𝑥→2

(4𝑥2 + 3) = lim
𝑥→2

4𝑥2 + lim
𝑥→2

3 = 4 lim
𝑥→2

𝑥2 + lim
𝑥→2

3 = 4(23) + 3 = 19 

 

Example 4: The limit of a rational function 

lim
𝑥→2

2𝑥2 + 1

𝑥 − 1
=

lim
𝑥→2

(2𝑥2) + 1

lim
𝑥→2

(𝑥 − 1)
=

8 + 1

2 − 1
= 9 

 

Dividing Out and Rationalizing (P63) 

lim
𝑥→0

√𝑥+1−1

𝑥
 is an indeterminate form 

0

0
 ( 

0

0
 型不定式) 

Solution: (Rationalize the 

numerator 分子有理化) 

lim
𝑥→0

√𝑥+1−1

𝑥
= lim

𝑥→0

(√𝑥+1−1)(√𝑥+1+1)

𝑥(√𝑥+1+1)
=

lim
𝑥→0

(𝑥+1)−1

𝑥(√𝑥+1+1)
=lim

𝑥→0

1

√𝑥+1+1
=

1

1+1
=

1

2
 

 

 

 

Example 1: Find the limit lim
∆𝑥→0

√𝑥+∆𝑥−√𝑥

∆𝑥
 

Solution: (Rationalize the numerator 分子有理化) 

lim
∆𝑥→0

√𝑥 + ∆𝑥 − √𝑥

∆𝑥
= lim

∆𝑥→0

(√𝑥 + ∆𝑥 − √𝑥)(√𝑥 + ∆𝑥 + √𝑥)

∆𝑥(√𝑥 + ∆𝑥 + √𝑥)
 

= lim
∆𝑥→0

(𝑥 + ∆𝑥) − 𝑥

∆𝑥(√𝑥 + ∆𝑥 + √𝑥)
= lim

∆𝑥→0

∆𝑥

∆𝑥(√𝑥 + ∆𝑥 + √𝑥)
 

= lim
∆𝑥→0

1

√𝑥 + ∆𝑥 + √𝑥
=

1

√𝑥 + √𝑥
=

1

2√𝑥
=

√𝑥

2𝑥
 

 

Example 2: Given lim
𝑥→2

𝑥2+𝑎𝑥+𝑏

𝑥−2
= 3, evaluate a and b. 

Solution: lim
𝑥→2

𝑥 − 2 = 0 ⇒ lim
𝑥→2

𝑥2+𝑎𝑥+𝑏

𝑥−2
= 3 is an indeterminate form 

0

0
. 

Let 𝑥2 + 𝑎𝑥 + 𝑏 = (𝑥 − 2)(𝑥 + 𝑘)  

Seven indeterminate forms: 
0

0
,

∞

∞
, 0 × ∞, ∞ − ∞, 00, 1∞ 𝑎𝑛𝑑 ∞0 
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Note ⇒ lim
𝑥→2

(𝑥−2)(𝑥+𝑘)

𝑥−2
= 0  ⇒  𝑥 + 𝑘 = 3  ⇒   𝑘 = 1  

⇒  (𝑥 − 2)(𝑥 + 1) = 𝑥2 − 𝑥 − 2 = 𝑥2 + 𝑎𝑥 + 𝑏  

⇒  𝑎 = −1, 𝑏 = −2  

 

The Squeeze Theorem 夹逼定理 (P65) 

The Squeeze Theorem: If ℎ(𝑥) ≤ 𝑓(𝑥) ≤

𝑔(𝑥) for all x in an open interval containing c, 

except possibly at c itself, and if 

lim
𝑥→𝑐

ℎ(𝑥) = 𝐿 = lim
𝑥→𝑐

𝑔(𝑥) 

then lim
𝑥→𝑐

𝑓(𝑥) = 𝐿 

 

 

Two Special Trigonometric Limits:  

1. lim
𝑥→0

sin 𝑥

𝑥
= 1 

2. lim
𝑥→0

1−cos 𝑥

𝑥
= 0 

 
The above figure shows a circular sector squeezed between two triangles. So we 

can have: 

tan 𝜃

2
≥

𝜃

2
≥

sin 𝜃

2
   ⇒   tan 𝜃 ≥ 𝜃 ≥ sin 𝜃 

sin 𝑥

tan 𝑥
≤

sin 𝑥

𝑥
≤

sin 𝑥

sin 𝑥
   ⇒   

sin 𝑥

sin 𝑥/ cos 𝑥
= cos 𝑥 ≤

sin 𝑥

𝑥
≤ 1 

lim
𝑥→0

cos 𝑥=1   ⇒   lim
𝑥→0

sin 𝑥

𝑥
=1 
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Note Exercise 1: Find the limit (if it exists) 

1.1 lim
𝑥→0

√𝑥+5−√5

𝑥
 

 

 

 

 

 

1.2 lim
𝑥→0

[1/(3+𝑥)]−(1/3)

𝑥
 

 

 

 

 

 

1.3 lim
∆𝑥→0

(𝑥+∆𝑥)3−𝑥3

∆𝑥
 

 

 

 

 

 

Exercise 2: For any ε > 0, there exists δ > 0, when|𝑥 − 0| < 𝛿, there is 

|
𝑓(𝑥)

𝑥
− 1| < 𝜀, find lim

𝑥→0
𝑓(𝑥). 

 

 

 

 

 

 

 

 

 

Exercise 3: Find the limit (if it exists) 

3.1 lim
𝑥→0

sin 𝑥

5𝑥
 

 

 

 

 

 

3.2 lim
𝑥→0

sin2 𝑥

𝑥
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Note 3.3 lim
𝜃→0

cos 𝜃 tan 𝜃

𝜃
 

 

 

 

 

 

3.4 lim
𝜃→𝜋

(𝜃 sec 𝜃) 

 

 

 

 

3.5 lim
𝑥→𝜋/4

1−tan 𝑥

sin 𝑥−cos 𝑥
 

 

 

 

3.6 lim
𝑥→0

sin 2𝑥

sin 3𝑥
 

 

 

 

 

 

3.7 lim
𝑥→0

1−cos 𝑥

𝑥
 

 

 

 

 

 

3.8 lim
𝑥→0

cos 𝑥−1

2𝑥2  

 

 

 

 

 

3.9 lim
𝑥→0

sin2 𝑥

𝑥
 

 

 

 

 

3.10 lim
𝑥→0

sin 𝑥

√𝑥
3  
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Note  

 

3.11 lim
𝑥→𝜋

sin 𝑥

𝑥
 

 

 

 

 

Exercise 4: indeterminate form 

4.1 Given 𝑙𝑖𝑚
𝑥→3

𝑥2+𝑎𝑥+𝑏

𝑥2−2𝑥−3
=

−1

4
, evaluate a and b. 

 

 

 

 

 

 

4.2 If 𝑙𝑖𝑚
𝑥→0

𝑡𝑎𝑛 𝑎𝑥

𝑠𝑖𝑛 3𝑥
= −2, find 𝑎. 
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Note   
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Note  

 


